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Abstract 

The polarization of the CMBR represents a powerful test for modern cosmology. 
It allows to break the degeneracy of fundamental cosmological parameters, and 
also to observe the contribution of gravitational waves background to the CMBR 
anisotropy. To observe the CMBR polarization several experiments are either in 
progress or planned and SPOrt is one of the most promising planned by ESA 
At the same time the observation of the CMBR polarization is a difficult task 
and one of the reasons is the presence of polarized foreground emission. For in- 
stance, galactic polarized synchrotron emission (according to some estimates) can 
completely mimic the polarization of the CMBR. Nevertheless, one can use math- 
ematical properties of the spherical harmonics of the distribution of radiation over 
the sky to separate different contributions. In this paper the mathematical prop- 
erties of the polarized synchrotron foreground and the physical mechanism that 
produces it are discussed. The separation of synchrotron polarization from the 
polarization generated by density cosmological perturbations is discussed as well. 



1 Introduction 

Next year will be a decade since the first detection of the CMBR anisotropy 0, 
[Q. Afterwards the CMBR anisotropy observed a wide angular range including 
the intermediate angular scales. The first and second Doppler peaks and its 
angular spectrum were observed [|], 0, 0. It allows to determine the spectrum 
of primordial cosmological perturbations, proves the infiation theory and allows 
to extend our knowledge to the very early Universe. At the same time new 
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problems arose requesting new approaches. The most natural way to solve them 
is the measurement of the CMBR polarization. 

The polarization of the CMBR was generated during the recombination epoch 
of our Universe at z ~ 1000. M.Rees recognized first that polarization promized 
new tool of cosmological investigation. Afterwards it was considered by many 
authors (see, for instance 0, 0, 0). 

The polarization of the CMBR indeed can provide very important informa- 
tion about the early Universe either proving or disproving gravitational waves 
background originated in the very early stages of our Universe. Moreover it can 
resolve the degeneracy of fundamental cosmological parameters: density of mat- 
ter, density of dark energy etc. At the same time the observation of the CMBR 
polarization is a very difficult aim because it is expected to be at least 10 times 
less the CMBR anisotropy and it is mimicked by the inhomogeneous foreground 
polarization. 

This contribution will be devoted to the discussion of both the inhomogeneous 
foreground polarization and the CMBR polarization generated by density cosmo- 
logical perturbations. The problem of separation of these component is discussed 
too. 

The microwave foreground radiation of our Galaxy consists of three main 
components: 

• the synchrotron radiation (strong polarized component), 

• the free- free radiation (polarization is assumed to be negligible), 

• dust radiation (the situation is uncertain, but presumably it is negligible 
0). 

As far as the second component is unpolarized and the polarization of dust 
emission is uncertain, these preliminary considerations is devoted the contribution 
of galactic synchrotron to the CMBR Stokes parameters, comparising the Stokes 
parameters of inhomogeneous synchrotoron radiation with the Stokes parameters 
generated by cosmological density perturbations. 



2 Synchrotron Radiation and its Polarization 

The angular distribution of the synchrotron radioemission polarized component 
is very inhomogeneous (see, for instance, Jill)- It can affect our ability to observe 
the polarization of the CMBR. 

This section discusses main principles of the synchrotron radiation, resulting 
from the circular motion of an electron around magnetic lines (see, for instance 

0' 0' 0)- 
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The galactic synchrotron radiation in fact is produced by relativistic electrons 
which move into interstellar magnetic field. As far as they are relativistic, their 
energy is much higher than the rest energy of electron E » mc?. 

The charged particles in magnetic field move along a helical path centered on 
magnetic line. The frequency of the circular motion is determined by the magnetic 
field H value. In case of relativistic particle the frequency is determined by the 
ratio of magnetic field over the energy of a particle: 

eH mc^ 

^H = ^ 

mc hj 

This is the frequency of circular motion of an electron, but the frequency of 
the radioemission is much higher. The maximum in the spectrum of one emitting 
electron corresponds to the frequency 



U^^m = ^(^)^ (1) 

mc mc' 



Here Hp is the component of the magnetic field perpendicular to the direction of 

the velocity vector. The additional multiplication factor — r is a consequence 

mc 

of the Doppler shift. Therefore, the maximal frequency is much higher than the 
circulating frequency of the electron. 

The galactic magnetic field determines both the intensity and the frequency 
of the radiation. Distribution of magnetic field is random and inhomogeneous in 
our Galaxy. Therefore, both the intensity and the frequency of the synchrotron 
radiation follow the angular structure of distribution of the magnetic field [ p!5[ 



The polarization of the synchrotron radiation results to be anisotropic both in 
intensity and angular distribution. 

First of all I would like to discuss the synchrotron radiation of an electron 
and its Stokes parameters. One can plot perpendicular axes in an observer's 
plan perpendicular to the direction of the propagation of an electromagnetic 
wave. I designate them as I and r. The intensity of any harmonic vibration of 

— * 

electromagnetic field can be projected into these vectors. The intensity along / 
will be designated as // and along r will be designated as /,.. The component 
describing the correlation of intensity between / and r will be designated as /„. 
The Stokes parameters are: I = Ii + Ir , Q = h — Ir, and U = lu- One additional 
Stokes parameter V defines the cicular polarization. The parameters Ii, Ir, and 
lu are used in the theory of polarization of the CMBR {V = 0). The Stokes 
parameters, Ii and Ir are used also in the theory of synchrotron radiation, but 
instead of /„ the angle x is niore convenient in the synchrotron theory and it 
defined as 

U 

tan2x=^ 

— * 

in the interval < x < tt. It is angle between the vector / and the main axis of 
the polarization ellipse. 
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The Stokes parameters of the synchrotron radiation of a particle can be writ- 
ten as a function of the amphtude of magnetic field, of the angle between the 
magnetic field direction and the line of sight, and of the dimensionless frequency 
of the radiation jj-. Vc = 1.5z/m is determined by (|l]) consequently depends of the 



magnetic field too [0 



The electron moving around magnetic lines produces all Stokes parameters: / 
(intensity), Q and U (describing the linear polarization) , and V (describing the 
circular polarization). However, relativistic electron produce mainly linear polar- 
ization. More exactly the degree of circular polarization over linear polarization 
is of the order of 



~ 



E ' 

The projection of magnetic vectors on the observer's plan defines the po- 
larization ellipse, being the minor axis of the ellipse along the projection. The 
angle between the vector I and the major axis of the polarization ellipse on the 
observer's plan is x- The distribution of the angle x is random inside interval 
< X < and it is independent on the direction of observation. 

The observed synchrotron radioemission is produced by an ensemble of rela- 
tivistic electrons and as far as Stokes parameters are additive the contribution of 
separate particles are summed. Although the intensity of the radiation produced 
by an ensemble of particles having distribution N{E, R, k) can be found in many 
books devoted to the subject, their Stokes parameters Q and U less usual and 
they can be rewritten as: 

Q = WoJ dEdlN{E, I, 9, ip, k)H{l, 9, ip) sin /x(^, p) cos 2x-^i^2/3 (2) 



U = Wo f dEdlN{E, 1,9, if, k)H{l, 9, ip) sin fi{e,ip)sm2x—K2/3 (—) (3) 

/n 2 

Here wq = % is a constant, H{r) = H{1, 9, ip) is spatial distribution of the 
magnetic field, /i is angle between the line of sight and the magnetic vector 
{Hp = H sin n), K2/3 is modified Bessel function and i^c was defined above. 

The equation (g) differs from equation (^ because the term cos 2% is substi- 
tuted by sin 2%. This angle is random over the sky. 

Under reasonable assumptions one can get the Stokes parameters as functions 
of frequency, magnetic field and angle x'- 

Q = ci {H{1, 9, p) sin fi{9, v?))^+^ 1^-"' cos 2x 
U = ci {H{l,9,p) sin^{9,p)y^\-^ sin2x 
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Here 7 and ci are constants related with the energy law of relativistic particles 
distribution etc. 

What is very important for our considerations is that both Q and U are 
assosiated to the synchrotron radiation of our Galaxy and they can be rewritten 
as a function F{6, 99) of the magnetic field, distribution of relativistic particles 
etc, which depends on the sky coordinates 6 and y?. The only difference is that 
Q = F cos 2x and U = F sin 2%, so that 

< g2 jj2 ^ 

Here the average is taken over realisation. 



3 The CMB and its Stokes Parameters 

The polarizarion tensor of the CMBR can be obtained as a solution of the Boltz- 
man equations, which describes the transfer of radiation in nonstationary plasma 



and in presence of variable and inhomogeneous gravitational field [|16|, ||T3, [ P^ , 
[0. The linear polarization of the CMBR is produced mainly at the recombina- 
tion epoch by Thomson scattering on free electrons in primordial cosmological 
plasma. 

The gravitational field in the Universe can be separated into background grav- 
itational field, that is the homogeneous and isotropic FRW metric, and inhomo- 
geneous and variable waves of three types: density perturbations, vector fluc- 
tuations, and gravitational waves. In a homogeneous and isotropic expanding 
Universe only one parameter of the CMBR is changed: the temperature, which 
decreases adiabatically. This expansion does not produces neither anisotropy nor 
polarization. Therefore the intensity I = Ii + 1^ decreases adiabatically during 
the expansion, being this valid both for Ii and separately. As a consequence 
Q = andU = lu = 0. 

On the contrary, the inhomogeneous and variable perturbations of the grav- 
itational field produce both anisotropy and polarization of the CMBR. In this 
case one can introduce small variations of Ii, Ir and /„ (5;, 5r, 5u) describing both 
anisotropy and polarization of the CMBR. 

Here the contribution of only density waves into polarization will be consid- 
ered. 

The equations and details of its solution can be found in [0, |[19[, and in 
reference therein. 

One can introduce auxiliary functions a and /?: 

5i + 5r = (/i^ - 
5« = 0, 
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in case of density perturbations taken as single plain wave the Boltzman equations 
can be re-written in terms of these parameters: 

^ = F - ^aTnea{r])a - f^aTnea{r])p 
% = -jQcrTnea{r])a - ^aTnea{r])P 

Here F is the gravitational force which drives both anisotropy and polarization, 
(Tt is the Thomson cross-section, He is the density of free electrons, a{r]) is the 
scale factor and is the angle between the wave vector of the perturbation and 
the line of sight. 

The solution of these equations, which produce only the Stokes parameter Q, 

is: 

Q = l(l-^2) I Fiv) (e--e-^^) 

where r(77) is the variable optical depth. In this case the Stokes parameter U 
equal to zero. 

The distribution of Q over the sky can be obtained by adding the contribution 
from all plain waves. 



4 Mathematical Properties of Stokes Parame- 
ters 

The Stokes parameters of the CMBR are rank 2 tensor on the sphere. The 
rotationally invariant values are / (intensity of radiation), Q + iU and Q — iU. 
The intensity / is decomposed into usual (scalar) spherical harmonics YimiO, f)- 

l,m 



Moreover, the two values Q±iU can be decomposed into ±2 spin harmonics 
0,^11 1^±2(^,^): 

Lm 



That form a complete orthonormal system (see, for instance, [^], [^], [|4 



). They can re- written in term of generalized Jacobi polynomials |20], [26]: 

That, as a function of are similar to scalar spherical harmonics. The differ- 
ence of tensor harmonics lies in P, which can be expressed in terms of Jacobi 
polynomials: 



(m + s) 

'l-x Y 2 ' (i 



m] 



X] 



j-,{m+s,s-m) 



(4) 
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Alternatively, the equivalent polynomials derived in |]23[ can be used. 
In equation s = ±2 and the normalization factor is: 



121 + 1 



(/-.)!(/ 



2^V 4:71 \ (/-m)!(/ + m)! 



The harmonics amplitudes correspond to the Fourier spectrum of angular 
decomposition of rotationally invariant combinations of Stokes parameters. 

According to |2l| one can introduce the E (electric) and B (magnetic) modes 
of these harmonics 



E _ ■'■ +2 I -2\ 



/ +2 -2\ 



R 



That have different parity. In order to clarify this mathematical statement 
let us consider the following situation. 

Two observers define the main axes in different way: while the / axes are 
directed in the same direction, the r axes have different directions. Let both 
observers measure the Stokes parameters: the Q parameters look similar to both 
observers, while U parameters have different sign. 

It means that by transforming the cordinate system Oxyz into the new coor- 
dinate system Oxyz the vectors / and r are transformed according to: 

1 = I 

Similarly, the E and B modes are transformed as vectors / and r: 

= -a^ 

It is necessary to mention that and are not correlated. 

The density perturbations generate polarization in such a way that Q and 
U = 0. This is equivalent to electric mode excitation and vanishing of magnetic 
modes in the CMBR polarization ||2T[| : 



^ af = (5) 

Since the synchrotron radiation produces both Q and U, both electric and 
magnetic modes exist: 

af ^ 0, af ^ 

because the synchrotron radiation is connected with the axial vector. The electric 
and the magnetic components of the synchrotron emission obey to the equation: 

< (af )^ >=< {afr > (6) 
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5 Separation of Synchrotron Radiation and the 
CMB Radiation 



Therefore, to separate the synchrotron polarization from the CMBR polarization 
generated by density perturbations one has to separate the polarized components 
obeying 

^ = 

E and B modes of synchrotron foreground do not correlate each other and 
they do not correlate with polarization of the CMBR. 

To estimate the contribution of E modes generated by density perturbations 
one can choose the estimator: 

D =< > - < {ay > 

Let us consider this estimator more detailed: the component is the sum of 
two components, = af + af , and the indexes s and d represent the synchrotron 
component and the CMBR component, respectively. The same equation is valid 
for the B component: = af + a^. The mean square of the electric component 
is: < (a^)'^ >=< (af )^ > + < (af )^ > +2 < af af >. Since density fluctuations 
and synchrotron fluctuations do not correlate the last term vanishes and the 
equation can be written as < (a^)^ >=< (af )^ > + < (af )^ >. The same 
equation is valid for B components. As far as the squares of both E and B 
component of the synchrotron radiation canceled out (^ and the B component 
of density fluctuations is equal to zero, the estimator D is equal only to the square 
of the E mode of density fluctuations: 

D =< (af )^ > 

Thus the D estimator can be used to separate the polarization of galactic 
synchrotron emission from the polarization of the CMBR generated by density 
perturbation. 
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